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Visual Perception and Sequences of Eye Movement 
Fixations: A Stochastic Modeling Approach 
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Abstract- Sequences of visual fixations, while looking at an 
object, are modeled as Markov processes and statistical prop- 
erties of such pmcesses are derived by means of simulations. 
The sequences are also abstracted as character strings and a 
quantitative method of measuring their similarity, based on 
minimum string editing cost (actually dissimilarity distance) is 
introduced. Interrelationships between the structure and size of 
the generating Markov matrices and the string editing distance 
shed light on the relative roles of deterministic and probabilistic 
processes in producing human visual scanpaths. 

I. INTRODUCTION 
YE MOVEMENTS are necessary for vision while look- E ing at an object that spans more than several degrees in 

the subject’s field of view, because detailed visual information 
can only be obtained through the fovea, the small (about 
one degree) central area of the retina that has the highest 
photoreceptor concentration. Therefore, the brain directs the 
eye to move in such a way as to foveate successively onto the 
points of interest [15]. While viewing a stationary object, the 
eyes alternate between fixations and saccades, very rapid eye 
movements. Each saccade leads to a new fixation. Typically 
there are about three saccades per second, but since saccades 
are so fast, they occupy only about 10% of the total viewing 
time. Vision is suppressed during the saccades and thus almost 
all the visual information is collected during the fixations [lo]. 
Clearly, eye movements play a very important role in visual 
perception. It has been found about two decades ago that 
people have repetitive and idiosyncratic ways of inspecting 
and recognizing a particular familiar object; these patterns 
were named scanpaths [7]. 

Storing and retrieving memories are important components 
of visual learning and recognition. Therefore, the memory 
system of the brain must contain an internal representation 
of every object that is to be recognized. Thus, familiarizing 
oneself with an object may be considered as the process of 
constructing this representation. Similarly, recognition of an 
object may be viewed as the process of matching it with its 
stored internal representation. A non-Gestalt view suggests that 
the internal representation is made of components and that 
during recognition the features of the model are matched step 
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by step with the object. In support of a serial process, it is 
known that the eyes seem to visit the features of the object 
under study cyclically, following somewhat regular scanpaths 
rather than crisscrossing it at random. A serial model of 
internal representations of objects based on this evidence is the 
so called “scanpath feature ring” [8] .  This model maintains that 
the representation of objects are composed of sensory memory 
traces recording the features and motor memory traces of the 
eye movements from one feature to the other. A modified and 
more realistic version of this model introduces randomness 
into the generation of scanpaths. 

Markov matrices were used by Stark and Ellis [ 113 in earlier 
studies in an attempt to go beyond visual inspection of the 
eye movement traces and application of a subjective test for 
similarity of such traces. They used Markov matrices identified 
from experimental sequences and showed the existence of 
a few structured processes. They also looked at structures 
beyond the first order Markov matrix, i.e., do the states n - 1, 
n - 2, . . . previous to the present state n affect the probability 
of transition to the next state n + l? Unfortunately, the size 
of the higher order Markov matrices increases geometrically 
with the order. Thus very large experimental sequences would 
have been necessary for the identification of these matrices. 
For a nonstationary generator, as the actively looking human, 
this poses obvious experimental difficulties. Can one further 
quantify the similarity of sequences of visual fixations? 

String editing is also a possible way to study the similarity 
of sequences by looking at the similarity of the corresponding 
strings. A reasonable way of doing this is to define a distance 
between strings that characterize sequences of visual fixations 
and to set a threshold below which strings, thus sequences of 
visual fixations, are similar. The question, about the similarity 
of strings is a problem that has been occupying computer 
scientists [13] as well as biologists studying RNA and DNA 
sequences [3]. 

Aim of this paper is to demonstrate the feasibility of 
quantifying the similarity of visual fixation sequences while 
looking at familiar objects. 

11. A MARKOVIAN MODEL OF SEQUENCES 

Let us now divide the image under study (Fig. 1) into several 
regions of interest and label them with letters like the hand 
(A), the mouth (B), the nose (C), the left eye (D), the right 
eye (E), the neck (F), and the ear (G). If we call these 
regions states into which the fixations must be located and 
postulate that the transitions from one state to another have 
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certain probabilities, we can effectively describe the generating 
process for these sequences of fixations as Markov processes 
[5 ] .  In particular, the sequence OA of fixations in Fig. 1 are 
BBFFAAAABCEDCG. We can see that this sequence could 
have been generated by the Markov matrix MG (note the 
terminal fixation on the ear): 

'0.75 0.25 0 0 0 0 0 
0 0.33 0.33 0 0 0.33 0 
0 0 0 0 0.5 0 0.5 
0 0 1 0 0 0 0  
0 0 0 1 0 0 0  

0.5 0 0 0 0 0.5 0 
, o  0 0 0 0  0 1 

The same matrix could generate many other sequences as 
other realizations of the generating process, for instance 
OB =BFFAAAABFABBCEDCEDCGGGG; note that lengths 
of the sequences do not need to be equal; also note that 
in this case a terminal string of G's is produced. However, 
when we calculate the transition probabilities that occurred in 
this second sequence OB and- summarize these probabilities 
in another Markov matrix MB resulting from the second 
sequence, we get 

0.6 0.4 0 0 0 0 0 
0 0.25 0.25 0 0 0.5 0 
0 0 0 0 0.67 0 0.33 
0 0 1 0 0  0 0 
0 0 0 1 0  0 0 

0.67 0 0 0 0 0.33 0 
- 0  0 0 0 0  0 1 

where & l ~  is an identification of the generating process 
char_acterized by MG; the sequential data in UB is summarized 
in MB. 

We now define 

E = M ~ - M ~  

as the error or statistical discordance matrix between the 
idealized-generating matrix MG and the estimated or observed 
matrix MB. Note: We have assumed MG as the generating 
matrix and thus denied it is an &i~ even though we in fact 
obtained this illustrative case backward. E is clearly a function 
of the number of states and the lengths of the sequences as 
well as a function of the elements of the generating matrix, 
that is, the structure of the matrix. A possible scalar measure 
of the statistical discordance matrix E is the typical error of 
each element defined as 

with eij as the elements of the error matrix E and n its 
dimension. 

Let us now look at the typical errors resulting from several 
processes with different matrix sizes, sequences of different 
lengths and structures. The first process in consideration is a 
process in which a transition occurs from one state to the next 
with 90% and to the one after the next with 10% probability; 

Fig. 1. Eye movements made by a subject viewing for the first time a drawing 
adapted from the Swiss artist Klee. Numbers show the order of the subject's 
visual fixations on the picture during free viewing. Lines between fixations 
represent rapid saccades from one fixation to the other. 

no other transitions are possible. For n = 4 the corresponding 
Markov matrix is 

0 0.9 0.1 0 
0 0.9 0.1 

0.9 0.1 0 

In the second process a transition occurs from one state to 
the next with 70% and to the one after the next with 30% 
probability; no other transitions are possible. For n = 4 the 
corresponding Markov matrix is 

0.0 0.7 0.3 0.0 

0.3 0.0 0.0 0.7 ' 

0.7 0.3 0.0 0.0 

M 2 = [  0.0 0.0 0.7 0.3 ] 
In the third process a transition occurs from one state to 
the next with 50% and to the one after the next with 10% 
probability; all other transitions are equiprobable. For n = 4 
the corresponding Markov matrix is 

0.2 0.5 0.1 0.2 

0.1 0.2 0.2 0.5 
0.5 0.1 0.2 0.2 

M 3 = [  0.2 0.2 0.5 0.1 ] 
In the fourth process all transitions occur equiprobably from 

one state to any other. For n = 4 the corresponding Markov 
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Fig. 2. Charts (a)-(d) show the typical size of the elements of the error matrices E1 . . . E4, which are-the difference between the 
Markov matrices MI . . . Ad4 (generating sequences) as defined in the text and the Markov matrices Mi . M4 (computed from 
the generated sequences) for 3 . . '9 states and 33 .  . ,2673 long sequences. 

matrix is 

0.25 0.25 0.25 0.25 ' 

0.25 0.25 0.25 0.25 
0.25 0.25 0.25 0.25 

0.25 0.25 0.25 0.25 I M4= [ 
Typical errors for MI . . . M4 with n = 3 .  . ~9 and sequence 
lengths of 33 . . .2763 averaged over 30 simulations for each 
combination document a number of interesting relationships 
(see Fig. 2): The typical error gets smaller as a linear function 
of the string length in a double logarithmic scale. Typical 
error is also about ten times less for the quasideterministic 
processes characterized by MI and M2. Also, the number 
of states almost does not affect the typical error for a given 
string length. This is more true for the more random processes 
characterized by M3 and M4. 

Fig. 3 shows some simulated scanpaths generated by the 
matrices M I  . . . M4 superimposed on a drawing. 

111. A STRING EDITING MODEL OF SEQUENCES OF 
VISUAL FIXATIONS 

It is possible to define the distance between two strings 
of not necessarily the same length as the cost of editing one 
to get the other. Editing a string has three basic operations: 
substitution, deletion and insertion. One must first define the 
cost for each such operation. 

For example, let us say that all substitutions are assigned 
a cost of 2 and both deletions and insertions a cost of 1. To 
transform the string ACA to CADAC one has to insert a C 
at the beginning (1) and a C at the end (1) and substitute 
the C in the middle with a D (2), resulting in a total cost, 
,thus a distance, of 4. It is, of course, also possible to have 
more complicated cost assignments like setting the cost of 
substituting a letter with a letter following or preceding it in 
the alphabet as 1, the cost of substituting a letter with a letter 
following or preceding it in the alphabet by two letters as 2 
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Fig. 3. (a)-(d) Simulated scanpaths on seven likely fixation points generated by matrices M I  . . . M4 superimposed on a line 
drawing adapted from a painting by Charpentier (figure provided by G. Tharp.) 

and so on. As the strings get longer, the ways of transforming 
them increase very fast and it becomes no longer trivial to 
find the transformation that costs least. Therefore, an algorithm 
based on a modified dynamic programming that guarantees to 
find the minimum distance between two strings was developed 
exactly for that purpose [14]. 

When we apply this algorithm with the cost of substitution 

as 1, of insertion as 2 and of deletion as 3 (these costs were 
found empirically) on sequences of visual fixations depicted 
in Fig. 4 we get the distance d between Figs. 4(a) and (b) as 
10, between Figs. 4(a) and (c) as 15 and between 4@) and 
(c) as 25. Therefore, the sequences in Figs. 4(a) and (b) are 
more similar to each other than the ones in Figs. 4(a) and (c) 
or the ones in Figs. 4(b) and 4(c). This result confirms what 
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Fig. 4. Eye movements of a subject while viewing a simple drawing shows the presence and absence of repetitive cyclic scanning 
of the image. Numbers show the order of the subject’s visual fixations. The labeled circles were drawn after the experiments to 
group and label the visual fixations. A visual inspection shows the paths of scanning in figures (a) and @) to be similar, while the 
path in (c) does not resemble the ones in either (a) or (b). The fixation sequences are characterized as strings of letters where each 
letter denotes a fixation in the region labeled with that letter. The distances between the strings are computed as a cost of editing 
one string to attain the other and are (a)-@) 10, (a)-(c) 15, and @)-(c) 25. 

one would deduce by a visual examination of the sequences of 
visual fixations alone. Thus this method appears to be useful 
to automate, objectify and quantify the similarity of sequences 
of visual fixations while looking at an object. 

Iv. STRING EDITING MEASURES OF SIMILARITY 
OF SEQUENCES 

Another question of interest that now arises in the light of 
the past two sections is the following: What are the string 
editing measures between different realizations of the same 
Markov‘process, or in other words, what can we say about 
d, the distances between sequences generated by the same 
Markov matrix? 

A simulation study was conducted, where for each of the 
Markov matrix structures MI . . . M4 and each number of states 
3 . . . 9 ,  300 sequences of the length 33 (typical number of 
fixations during a viewing period of 10 s) were generated. 
Subsequently, the distances between these 300 sequences were 
measured with costs of substitution, deletion and insertion 
being chosen as unity. 

As Fig. 5 shows, the mean distance increases with in- 
creasing size for all matrix structures (less so for quasi- 
deterministic processes). This was to be expected, because 
with increasing matrix size, that is, with the introduction 
of new states, the probability of a different sequence being 
generated increases. The lowest curves in Fig. 5 belong to 
MI and A&. In other words, the most similar sequences 
are generated with rigidly structured Markov processes that 
are very close to a deterministic process in which case the 
transition matrix would have only ones in the superdiag- 
onal (Jordan form) and the sequences generated by such 
matrices would have a distance equal to zero from each 
other. Clearly, MI is closer to a deterministic process than 
Mz. Therefore, the mean distance between the sequences 
generated by MI is smaller than the ones generated by M2. 
In the same vein, the process that is “most random,” that 
is, with equal transition probabilities between each state, 
results in the largest distances between the resulting strings. 
Fig. 6 shows how the distribution of distances vary with 
the number of states for the four generating matrix struc- 
tures. 
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Fig. 5. A Markov process generates sequences of a given length. The mean 
distance between such sequences of the length 33 as obtained from 300 
simulations for each combination is shown as a function of the number of 
states and the corresponding matrix structure. 

V. DISCUSSION 
Scanpath theory predicts similar sequences of visual fixa- 

tions for a subject looking at a particular image. The presence 
of similarity is mostly determined by a visual inspection of the 
fixation sequences. The use of string editing method can help 
with the automation of determining this similarity by reducing 
a sequence of visual fixations to strings and by determining 
the distance between the strings. But in order to increase the 
statement power of this tool, we also had to find out about the 
statistics of randomly generated strings. This way, it can be 
stated with a certain confidence that the distance between two 
given sequences of visual fixations is below a threshold due 
to their similarity and not simply by coincidence. 

An important problem inherent to this approach is the 
arbitrariness involved in the clustering and regionalization of 
fixations. For instance, why did we choose to include the 
fixation number 13 in Fig. 1 in the nose region? We could 
just as well have chosen to include it in the mouth region by 
changing the threshold between the mouth and the nose. Also, 
why didn’t we subdivide the hand to fingers and palm and 
include fixation 7 in the palm area and fixations 5, 6, and 8 
in the fingers are? It might be interesting to apply clustering 
algorithms as they are used in cosmology or elsewhere in 
image processing to decide to which group of points a certain 
fixation belongs [2]. But even such algorithms have several 
free parameters that the user must set. It is, of course, possible 
to divide the image into a regular grid but this loses any 
reference to the contents of the image. 

Another problem involves the arbitrariness in choosing the 
costs of different editing operations in determining the distance 
between two strings. That is, while studying the similarity 
of sequence of fixations in Fig. 4, why did we choose the 
costs of substitution, insertion and deletion as 1, 2, and 3 
respectively? We could have assigned to them equal values as 
in the simulation study of the previous section. Also, assuming 
in a further, hypothetical example that a certain region D is 
close to another region E but far away from region F,  we 

~ 
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could make the costs string element dependent, such that the 
distance between the sequences ABCD and ABCE is less 
than the distance between ABCD and ABCF. 

Features that are frequently utilized in active looking may 
have resulted in the evolution of internal mechanisms or 
feature detecting processes that have been embedded into 
“firmware” in the visual brain. When people look at an image, 
they look mainly at the parts of the picture that are regarded 
as being its features; they are the parts that hold the most 
information about the image. When subjects view simple 
pictures, their fixations tend to cluster around the points of 
the image where line directions change most abruptly [l]. 
Therefore, one can hypothesize that the angles are the principal 
features the brain employs to store and recognize images. 
There is further evidence encouraging that conclusion, namely 
the existence of angle-detecting neurons in the frog’s retina [6], 
and complex cells in cats and monkeys [4]. This also make 
sense from a memory space optimization point of view (data 
compression): if the object is divided into straight segments 
connected with each other, it is more reasonable to store the 
length of a segment and the angle that connects it to the next 
segment rather than storing the continuation of the segment 
at predetermined intervals. This is analogous to the storage 
of large sparse matrices (as encountered, for example, in 
power network problems) where the positions of the elements 
different from zero and their values are stored instead of 
storing, say, 10 OOO elements of which only about one percent 
are nonzero. 

Understanding how humans recognize objects can also be 
transferred to machine vision to result in top-down image 
processing methods [12]. Furthermore, a simplistic analogy 
of the feature ring theory can be applied for the recognition 
of (convex or concave) polygons [9]. First, the image must be 
preprocessed to enhance contrast and to detect edges. Then, 
the image is recoded in terms of corners and lengths of straight 
edges between comers (for curved edges, discretization can be 
employed to introduce corners). Corners can, for instance, be 
labeled with upper case letters and lengths with lower case 
letters or other special characters. It makes sense to normalize 
the lengths by the first length. This way, the string will be 
characteristic of the object independent of its translational or 
rotational position or distance from the camera. (Of course, 
this string will initially be dependent on the first comer that 
the system recognizes, but this can be taken care of by a 
shift operator.) Once the image is compressed to a string 
representation, it can be compared with objects known to the 
system as described previously. The system will recognize 
the object under study as the object that has the shortest 
distance in the string editing sense from known objects. If 
the minimal distance is larger than a predefined threshold, the 
system can be programmed to learn and store it as a new 
object in its library. This approach of minimizing distances 
makes the method robust with respect to noise and errors in 
contrast enhancement and edge detection. 

In summary, sequences of visual fixations while looking at 
an object were modeled as Markov processes. A method of 
quantifying the similarity of eye movements while looking at 
an object was introduced. This method is based on reducing 
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Fig. 6. The distribution of distances between sequences generated by the same Markov matrix gets more evenly and widely spread 
around the mean distance as the randomness of the process increases from (a) Ml-(d) M4. 

the sequence of visual fixations to a sequence of letters and 
defining an editing cost as the distance between such strings. 
Advantages and shortcomings of this method were discussed 
together with the possibility of its application in machine 
vision for the robust recognition of objects. Results of an 
experimental study of visual fixations with the string editing 
algorithm will be presented in a future paper. 
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